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We study the problem about the existence of finite-dimensional invariant
manifolds for nonlinear heat equations of the form
“u/“y=gu+F(u, Nu) on Rd×[1,.).
We show that in spite of the fact that the linearized equation has continuous spec-
trum extending from negative infinity to zero, there exist finite dimensional
invariant manifolds which control the long time asymptotics of solutions. We con-
sider the problem for these equations in the framework of weighted Sobolev spaces
of Lp type. The Lp theory of this problem gives the L. estimate of the long-time
asymptotics of solutions under natural assumptions on the nonlinear term F and
their initial data. © 2002 Elsevier Science
1. INTRODUCTION AND MAIN RESULT
In this paper we shall construct finite dimensional invariant manifolds
for nonlinear parabolic partial differential equations of the form
“u
“y=Du+G(u, Nu),
where u=u(t, y), t ¥ Rd, y \ 1. The linearized equation is the heat
equation on the whole space Rd which has continuous spectrum extending
from negative infinity to zero, so that there is no gap in the spectrum. The
applications of invariant manifold theorems in nonlinear partial differential
equations, however, require that the linearized equation has an appropriate
spectral gap in order to split the spectrum into the parts associated with a
center or stable manifold (see, e.g., [2, 5, 11, 13]). Nevertheless, we shall
prove that there are still finite dimensional invariant manifolds for these
partial differential equations which control the long-time asymptotics of
solution near the origin.
More specifically, we shall consider the asymptotics of equations of the
form
“u
“y=Du− |u|
c−1 u+F(u, Nu), (t, y) ¥ Rd×[1,.), (1.1)
where u=u(t, y) and c > 1.We assume the following condition onF (see [1]):
(F) F is C1, F(0, 0)=0 and there exist constants L > 0 and q1, q2 \ 1
such that
|r“rF(r, z)|+|z ·NzF(r, z)| [ L |r|q1 |z|q2 (1.2)
for all r ¥ R and z ¥ Rd, and
q1+
c+1
2
q2 \ c. (1.3)
We shall study the invariant manifold problem for (1.1) in the weighted
Sobolev space of Lp type. In case the nonlinear term F(u, Nu) disapears in
(1.1), such a problem has been considered by Wayne [19] in the framework
of weighted Sobolev spaces of L2 type. (See also [7].) The result obtained
in [19], however, requires technical and restrictive conditions on the
nonlinear term.
The advantage of Lp theory for this problem is firstly to improve the
restrictive condition on the nonlinear term into a more natural condition
and secondly to obtain the L. estimate of convergence toward a solution
on the invariant manifold.
Let p > 1 and m=0, 1, ... . For any positive continuous function K˜ we
define a weighted Sobolev space as follows (see [8, 9, 12]),
LP(K˜)=3u; F
R
d
|u(x)|p K˜(x) dx <.4 ,
Wm, p(K˜)={u; Dau ¥ Lp(K˜), |a| [ m},
the Banach spaces with the usual norms. In what follows K˜(x) will stand
for K(x)=e |x|
2/4 or Kr(x)=(1+|x|2) r/2, r \ 0.
Our main result is the following
Theorem 1.1. Suppose that c > 1 and the condition (F) holds. Let
p >max{q2+1, q2d} and n > 2/(c−1)−d−1. Then we can choose a
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weighted Sobolev space W1, p(Kr) and a neighbourhood U of {0}×[1,.) in
W1, p(Kr)×[1,.) with the following properties:
(a) There exists a ;nj=0 (j+d−1d−1 ) dimensional local invariant manifoldM
for (1.1) in U, more precisely, for each (x0, 1) ¥M there exist a T0 ¥ (1,.]
and a unique mild solution u of (1.1) on [1, T0) such that u(1)=x0 and
(u(y), y) ¥M for all 1 [ y < T0.
(b) For each (x1, 1) ¥ U there exist a T1 > 0 and a unique mild solution
u1 of (1.1) on [1, T1) with u1(1)=x1. If, moreover, (u1(y), y) ¥ U for all
y \ 1, then T1=. and for every E > 0, there exist a unique mild solution u¯1
on the invariant manifoldM and a constant C > 0 such that
11+|t|2
y
2 r/2p |u1(t, y)− u¯1(t, y)| [ Cy−d2− n+12 +E
for all y \ 1 and t ¥ Rd.
Remark. As we shall see in the course of the proof, the power r of the
weight Kr is determined proportionally to the values of n, p and (c−1)−1.
2. THE ABSTRACT THEOREM
It will be convenient to extend Eq. (1.1) defined on Rd×[1,.) to the
equation
“u
“y=Du− |u|
c−1 u+F(y, u, Nu), (t, y) ¥ Rd×(0,.), (2.1)
where F(y, r, z)=j(y) F(r, z) and
j(y)=31 for y \ 1,
y−
2c−2q1 −(c+1) q2
2(c−1) for 0 < y < 1.
Next, following [19] we make the change of variables
x=t/`y , t=log y, v(x, t)=y1/(c−1)u(t, y).
Then (2.1) becomes
“v
“t=Dv+
1
2
x ·Nv+
1
c−1
v− |v|c−1 v+F0(t, v, Nv), (x, t) ¥ Rd×R,
(2.2)
where F0(t, r, z)=yc/(c−1)F(y, y−1/(c−1)r, y−1/(c−1)−1/2z).
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For the existence of local invariant manifolds for (2.2) we need the
following abstract theorem.
Let X, Y and Z be Banach spaces such that both X and Y are continu-
ously embedded in Z. Let {T(t); t \ 0} be a C0 semigroup on Z with
infinitesimal generator A. Let G: R×XQ Y be a nonlinear mapping. We
make the following assumptions.
(H1) Z=Z1 À Z2 with dim Z1 <. and T(t) Pi=PiT(t) for i=1, 2,
where Pi is a continuous projection from Z onto Zi.
(H2) Z1 …X 5 Y and the restriction of T(t) to X also becomes a C0
semigroup on X.
(H3) There exist constants a, b, r, M such that a > b, b < 0, 0 [
r < 1, M \ 1 and
||T(t) P1 y||X [Meat ||y||Y, t [ 0, y ¥ Y,
||T(t) P2x||X [Mebt ||x||X, t \ 0, x ¥X,
||T(t) P2 y||X [Mt−rebt ||y||Y, t > 0, y ¥ Y.
(H4) For each t ¥ R, G(t, · ) ¥ C1(X, Y), G(t, 0)=0 and DG(t, 0)=0.
For each x ¥X, G( · , x) ¥ C(R, Y). Moreover, G(t, x) and DG(t, x)
converge, as ||x||X Q 0 uniformly in t, to 0 in Y and B(X, Y), respectively.
Let Xi=PiX for i=1, 2. We remark that by virtue of (H1) and (H2), Z1
equals X1 with the equivalent norms to each other and the restriction of P2
to X becomes a continuous projection X onto X2.
Then we obtain the following local center unstable manifold theorem for
the semilinear equation in Z
dv/dt=Av+G(t, v). (2.3)
Theorem 2.1. Under the conditions (H1)–(H4) there exist a neighborhood
U1 (resp. U2) of R×{0} in R×X1 (resp. in R×X2) and a continuous
function h: U1 Q U2 with the following properties:
(a) The set M={(s, t)+h(s, t); (s, t) ¥ U1} is a local invariant
manifold of (2.3).
(b) For each t ¥ R, h(t, t) is C1 in t, h(t, 0)=0 and Dh(t, 0)=0.
(c) Let U=U1 À U2 and U(t)=U 5 ({t}×X). For each x0 ¥ U(0)
there exists a unique mild solution v ¥ C([0, T); X) of (2.3) for some T > 0
such that v(0)=x0 and v(t) ¥ U(t). Moreover, if v(t) ¥ U(t) for all t \ 0,
then T=. and there exists a unique solution v¯ on the invariant manifoldM
such that
sup
t > 0
e−(b+e) t ||v(t)− v¯(t)||X <. for every e > 0.
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This version of the invariant manifold theorem will be proved by using a
cut off function in essentially the same way as in Chow and Lu [5] and
Miklavcˇicˇ [17]. Also see Chen et al. [3] and Mielke [16]. For the sake of
completeness we shall sketch a proof of it in the appendix. A complete
proof will be given in [14].
3. THE LINEARIZED EQUATION
In this section we study the linearized equation
“v
“t=Dv+
1
2
x ·Nv+
1
c−1
v (3.1)
on the Sobolev space of Lp type. We shall prove that the conditions
(H1)–(H3) of the previous section hold for the semigroup whose generator
is A=D+12 x ·N+
1
c−1 . Such results have been obtained by Wayne [19] in
the framework of Sobolev spaces of L2 type. (Also see [7].)
More precisely, we define a linear operator A by
Av=Dv+
1
2
x ·Nv+
1
c−1
v for v ¥Wm+2, p(K˜).
The operator A generates a C0 semigroup {T(t); t \ 0} on Wm, p(K˜)
satisfying the estimate
||T(t)|| [ Ce t(
m
2 −
d
2p+
1
c−1), t \ 0 (3.2)
with some constant C. Here and hereafter C denotes constants which may
depend upon m, p, and r, and || · || represents the operator norm in
Wm, p(K˜). This fact can be proved by Proposition 3.1 below and Mehler’s
formula
(T(t) v)(x)=e
t
c−1 F
R
d
r(x, y, t) v(y) dy (3.3)
where we set
r(x, y, t)=(4pe ta(t))−d/2 k(x, y, t),
k(x, y, t)=K((e−t/2y−x)/`a(t))−1,
a(t)=1−e−t.
AN Lp THEORY OF INVARIANT MANIFOLDS 199
Proposition 3.1. If m=0, 1, ... and p, q \ 1 satisfy p−1=s−1+q−1−1,
then there exists a constant C=C(p, q, s, m, d) > 0 such that
||T(t) v||Wm, p(K˜) [ Ca(t)−
d
2 (1−
1
s)e (m−
d
q+
2
c−1)
t
2 ||v||Wm, q(K˜q/p)
for all t > 0 and v ¥Wm, q(K˜q/p).
In the case that K˜=Kr the constant C may also depend on r.
Proof. By Hölder’s inequality
:F
R
d
k(x, y, t) v(y) dy :
[ 1F
R
d
k (s−
1
2) dy21/qŒ 1F
R
d
kp(
1
2qŒ+
s
p
)K˜−
q
sŒ |v|q dy21/p 1F
R
d
|v|q K˜
q
p dy21/sŒ
=18pe ta(t)
2s−1
2d/2qŒ 1F
R
d
kp(
1
2qŒ+
s
p
)K˜−
q
sŒ |v|q dy21/p ||v||q/sŒLq(K˜q/p)
where qŒ=q/(q−1) and sŒ=s/(s−1). Hence
F
R
d
:F
R
d
k(x, y, t) v(y) dy :p K˜(x) dx
[ C(e ta(t))
pd
2qŒ ||v||
pq
sŒ
Lq(K˜q/p)
F
R
d
dy F
R
d
K 1 x
`a(t)
2−p( 12qŒ+sp)
×K˜(y)−
q
sŒ K˜(e−
t
2y+x) |v(y)|q dx.
But since K˜(e−t/2y+x) [ CK˜(y) K(x/`a(t) ) with a constant C which
may depend on r, it follows that
F
R
d
dy F
R
d
K 1 x
`a(t)
2−p( 12qŒ+sp) K˜(y)− qsŒ K˜(e− t2y+x) |v(y)|q dx
[ C F
R
d
K 1 x
`a(t)
2−( p2qŒ+s−1) dx F
R
d
|v(y)|q K˜(y)
q
p dy
=C(4pa(t))d/2 1 p
2qŒ+s−1
2−d/2 ||v||qLq(K˜q/p).
Combining these inequalities we obtain
||T(t) v||Lp(K˜) [ Ca(t)−
d
2 (1−
1
s)e (
2
c−1−
d
q)
t
2 ||v||Lq(K˜q/p).
On the other hand note that
Da(T(t) v)(x)=e
t
c−1+
|a| t
2 F
R
d
r(x, y, t) Dav(y) dy.
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Hence
||T(t) v||Wm, p(K˜) [ C C
|a| [ m
||DaT(t) v||Lp(K˜)
[ C C
|a| [ m
e
|a| t
2 ||T(t) Dav||Lp(K˜)
[ Ca(t)−
d
2 (1−
1
s)e (m+
2
c−1−
d
q)
t
2 ||v||Wm, q(K˜q/p). L
It is known [8] that the eigenvalues of A are lj=
1
c−1−
d
2−
j
2 , j=0, 1, ...,
and its eigenfunctions can be written as kj(x)=e−|x|
2/4h(x), where h(x) is a
product of Hermite polynomials the sum of whose orders is j.
For n \ 0 define a projection operator
(Pnv)(x)=C
n
j=0
Okj, vPK kj(x) (3.4)
where
Ow1, w2PK=F
R
d
w1(x) w2(x) K(x) dx.
We know from [8] that the dimension of the range of Pn is ;nj=0 (j+d−1d−1 ).
Obviously, Pn determines a continuous projection on Wm, p(K); indeed, the
following lemma shows that Pn can be extended to a continuous projection
onWm, p(Kr) if 2r > pn+(p−1) d.
Lemma 3.2. If 2r > pj+(p−1) d, then there exists a constant C > 0
such that
|Okj, vPK | [ C ||v||Lp(Kr) for all v ¥ L
p(Kr).
The proof of this lemma is very similar to that of [19, Lemma 3.1] and
hence we omit it.
In what follows we shall consider a continuous projection onto a
complementary subspace of span {k0, k1, ..., kn} in Wm.p(K˜). It may
depend upon m, p, and K˜, but it will be simply denoted by Qn if there is no
confusion.
We here state the key estimates on the linear semigroup {T(t)} which
have been already known in the weighted Sobolev space Wm, 2(Kr) of L2
type (see [19, 7]).
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Proposition 3.3. Let p, q, s\ 1 satisfy p−1=s−1+q−1−1 and p >
max{d, 2}. Let n, m=0, 1, ... and 1/2 < h < 1. Then there exist positive
constants r and C such that the following inequalities hold.
||T(t) Pnv||Wm+1, p(Kr) [ Ce
tln ||v||Wm, q(Kq/pr ), t [ 0, (3.5)
||T(t) Qnv||Wm+1, p(Kr) [ Ce
tln+1 ||v||Wm+1, p(Kr), t \ 0, (3.6)
||T(t) Qnv ||Wm+1, p(Kr) [ Ca(t)
−d2 (1−
1
s)−he tln+1 ||v||Wm, q(Kq/pr ), t > 0. (3.7)
The rest of this section is devoted to proving the proposition. First of all,
note that
T(t) Pnv=C
n
j=0
Okj, vPKeljtkj,
which, together with Lemma 3.2, gives (3.5) provided 2rq/p > qn+
(q−1) d. In order to prove (3.6) and (3.7), as in [19] we introduce a
smooth function qR by
qR(x)=30 if |x| [ R,1 if |x| \ 8R/7,
and given any function v, define v> (x)=qR(x) v(x) and v< (x)=
(1−qR(x)) v(x).
To prove Proposition 3.3 we begin with the following:
Lemma 3.4. There exists a constant C (independent of R) such that for
R \ 1 and any v ¥Wm, p(Kr)
||qR ·T(t) v||Wm+1, p(Kr) [
C
`a(t)
e (
2
c−1+m−
d
p)
t
2(e−rt/2+e−R
2/14)1/p ||v||Wm, p(Kr).
Proof. Let a be a multi-index such that |a| [ m+1. Since integrating by
parts yields that for b [ a
Da(T(t) v)(x)=e
t
c−1+
|a−b| t
2 F
R
d
Dbr(x, y, t) Da−bv(y) dy,
we have
e−
t
c−1−
mt
2 ||Da(qR ·T(t) v)||Lp(Kr)
[ C C
b+bŒ [ a
|bŒ|=1
>DbqR( · ) F
R
d
DbŒr( · , y, t) Da−b−bŒv(y) dy>
Lp(Kr)
[
C
`a(t)
C
b < a
>F
R
d
r( · , y, t)
|e−t/2y− · |
`a(t)
DbqR( · ) Da−bv(y) dy>
Lp(Kr)
.
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We use Young’s inequality (also see the proof of Proposition 3.1) to obtain
(e ta(t))
d
2 >F
R
d
r( · , y, t)
|e−t/2y− · |
2`a(t)
DbqR( · ) Da−bv(y) dy>p
Lp(Kr)
[ CFF
{|e −t/2y+x| \ R}
K 1 x
`a(t)
2−(p+1)/2 Kr(e−t/2y+x) |Da−bv(y)|p dx dy.
To estimate this in turn note that if |x| [ 7R/8 and |e−t/2y+x| \ R \ 1,
then |y| \ e t/2|e−t/2y+x|/8 and hence Kr(e−t/2y+x) [ Ce−rt/2Kr(y), but
otherwise Kr(e−t/2y+x) [ CK(x/`a(t) ) Kr(y). Thus the right hand of
the above inequality is bounded by
Ce−
rt
2 F
{|x| [ 7R/8}
K 1 x
`a(t)
2−(p+1)/2 dx F
R
d
|Da−bv(y)|p Kr(y) dy
+C F
{|x| > 7R/8}
K 1 x
`a(t)
2−(p−1)/2 dx F
R
d
|Da−bv(y)|p Kr(y) dy
[ Ca(t)
d
2 (e−
rt
2+e−
1
4a(t) (
7R
8 )
2 3(p−1)
8 ) ||Da−bv||pLp(Kr).
Consequently we get
||Da(qR ·T(t) v)||Lp(Kr)
[
C
`a(t)
e (
2
c−1+m−
d
p)
t
2(e−rt/2+e−R
2/14)1/p C
1 [ |b| [ |a|
||Da−bv||Lp(Kr),
which gives the desired estimate. L
We here note that this proof still works even if the factor of qR is not
present. Moreover, we may replace Kr with K.
Corollary 3.5. There exists a constant C > 0 such that for any
v ¥Wm, p(K˜)
||T(t)||Wm+1, p(K˜) [
C
`a(t)
e (
2
c−1+m−
d
p)
t
2 ||v||Wm, p(K˜).
The next lemma is crucial in our argument.
Lemma 3.6. {T(t); t \ 0} is an analytic semigroup onWm, p(K).
Proof. Since {T(t); t \ 0} is a C0 semigroup on Wm, p(K) as mentioned
above, by virtue of Proposition 2.1.9 in [15] (also see [10, 18]) it suffices
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to show that ||TŒ(t)|| [ Ct−1ewt, t > 0, for some constants C and w, where Œ
means the derivative with respect to t. We have
(TŒ(t) v)(x)=bŒ(t) w1(x, t)−
b(t)
4a(t)
w2(x, t)−
b(t)
4a(t)
11+ e−t
4a(t)
2 w3(x, t).
Here we set b(t)=e t/(c−1)(4pe ta(t))−d/2, and
w1(x, t)=F
R
d
k(x, y, t) v(y) dy,
w2(x, t)=F
R
d
k(x, y, t)Oe−t/2y−x, xP v(y) dy,
w3(x, t)=F
R
d
k(x, y, t) |e−t/2y−x|2 v(y) dy.
Upon integrating by parts one has
Daw2(x, t)=e |a| t/2 F
R
d
k(x, y, t)Oe−t/2y−x, xP Dav(y) dy
+e(|a|−1) t/2 C
|b|=1
F
R
d
k(x, y, t)Ob, e−t/2y−xP Da−bv(y) dy.
Note that k(x, y, t) |e−t/2y−x| [ C(d)`a(t) k(x, y, t)d for any (p+1)/2p <
d < 1. Hence, by Proposition 3.1 one gets
e−p |a| t/2 ||Daw2( · , t)||
p
Lp(K)
[ Cd(t)p C
|b| [ 1
F
R
d
F
R
d
k(x, y, t)
p+1
2 (1+|x|)p |Da−bv(y)|p k(x) dx dy
with d(t)=`a(t) (e ta(t))d/2pŒ, pŒ=p/(p−1).
Now put M(m)=(em−1)(e(p+1) m/2p−1)−1 and fix such a m > 0 that
M(m) < (p+1)/2. Then, define a function h on [0,.) by h(t)=e t/2pŒ for
0 < t [ m and h(t)=em/2pŒ for t > m. Some simple calculations yield the
following inequalities:
(1+|x|)p K(x) [ C(1+(h(t)−1)−1/2)p K(x)h(t),
a(t)−1/2(1+(h(t)−1)−1/2) [ C(t−1+1),
h(t) |e−t/2y+x|2 [ h(t) 1 1
h(t)
|y|2+
e t
e t−h(t)
|x|22
[ |y|2+M(m)
|x|2
a(t)
.
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These inequalities give
a(t)−
p
2 F
R
d
F
R
d
k(x, y, t)
p+1
2 (1+|x|)p K(x) |Da−bv(y)|p dx dy
[ C(t−1+1)p F
R
d
F
R
d
K(x)−
p+1
2a(t) K(e−
t
2y+x)h(t) |Da−bv(y)|p dx dy
[ C(t−1+1)p F
R
d
K(x)−
p+1−2M(m)
2a(t) dx F
R
d
|Da−bv(y)|p K(y) dy
[ C(t−1+1)p a(t)d/2 ||Da−bv||pLp(K).
Thus we obtain
(4a(t))−1 b(t) ||Daw2( · , t)||Lp(K) [ C(t−1+1) e (
2
c−1−
d
p+|a|)
t
2 C
|b| [ 1
||Da−bv||Lp(K).
Next, to estimate w3 we apply the method in the proof of Proposition 3.1
to the equation
Daw3(x, t)=e |a| t F
R
d
k(x, y, t) |e−t/2y−x|2 Dav(y) dy.
In this case note that k(x, y, t) |e−t/2y−x|2 [ C(d) a(t) k(x, y, t)d for
any (p+1)/2p < d < 1. Then, by using the inequality K(e−t/2y+x) [
K(x)1/a(t) K(y) we obtain
(`a(t) d(t) e |a|t/2)−p ||Daw3( · , t)||pLp(K)
[ C F
R
d
F
R
d
K(x)−
p+1
2a(t) K(e−t/2y+x) |Dav(y)|p dx dy
[ C F
R
d
K(x)−
p−1
2a(t) dx F
R
d
|Dav(y)|p k(y) dy.
Hence we have
b(t)
4a(t)
11+ e−t
4a(t)
2 ||Daw3( · , t)||Lp(K) [ C(1+t−1) e ( 2c−1− dp+|a|) t2 ||Dav||Lp(K).
Finally, w1 is estimated in a similar manner as above:
|bŒ(t)| ||Daw1( · , t)||Lp(K) [ Ce (
2
c−1−
d
p+|a|)
t
2t−1 ||Dav||Lp(K).
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Consequently, combining these estimates, we easily obtain that for
w > 1/(c−1)−d/2p+m/2
||TŒ(t) v||Wm, p(K) [ Ct−1ewt ||v||Wm, p(K),
which is the desired estimate. L
Proposition 3.7. Let p, q, s and h be as in Proposition 3.3. If 2qr/p >
qn+(q−1) d, then there exists a constant C > 0 (independent of R) such
that for all v ¥Wm, q(Kq/pr ) and R \ 1
||T(t) Qnv< ||Wm+1, p(Kr) [ Ce
R2
3q+
t
4 (2ln+1+m+
2
c−1−
d
q)a(t)−
d
2 (1−
1
s)−h ||v||Wm, q(Kq/pr )
(3.8)
and
||T(t) Qnv> ||Wm+1, p(Kr)
[ Ca(t)−
d
2 (1−
1
s)−h {e
R2
3q+
t
8 (2ln+1+3m−3+
6
c−1−
3d
q )+e
t
2 (m+1+
2
c−1−
d
q)(e−
rt
4+e−
R2
14)1/q}
× ||v||Wm, q(Kq/pr ). (3.9)
Proof. Put S(t)=e−(m+2/(c−1)−d/p+2) (t/2)T(t). By Lemma 3.6, {S(t)} is an
analytic semigroup on Wm+1, c(K), c > 1, satisfying ||S(t)|| [ Ce−t/2. Since
the embedding Wm+1, 2(K) …Wm, 2(K) is compact (see [12]), by Corollary
3.5 we see that S(t) is compact in Wm, 2(K) for each t > 0, and hence by
Theorem 1.6.1 of [6] it is also compact in Wm, p(K). Thus, the spectrum of
the infinitesimal generator A of {S(t)} in Wm, p(K) consists solely of eigen-
values mj=lj−
1
2 (m+
2
c−1−
d
p+2), j=0, 1, ... . Then using Corollary 3.5 and
Lemma 3.6, we have
||S(t) Qnv< ||Wm+1, p(K)=> 1
C(h)
F.
0
yh−1S(y) AhS(t) Qnv< dy>
Wm+1, p(K)
[ C F.
0
yh−1e−y
`a(y)
dy ||AhS(t) Qnv< ||Wm, p(K).
Note that >.0 yh−1e−ya(y)−1/2 dy <. whenever 1/2 < h < 1. By the spectral
properties of A (onWm, p(K)) and Proposition 3.1 we have
||AhS(t) Qnv< ||Wm, p(K) [ C 1 t22−h e tmn+1/2 >S 1 t22 Qnv< >Wm, p(K)
[ C 1 t
2
2−h a 1 t
2
2−d2 (1− 1s) e t2 (ln+1 −m− 2c−1+dp−2) ||Qnv< ||Wm, q(K).
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But since 2qr/p > qn+(q−1) d, it follows from Lemma 3.2 that
||Qnv< ||Wm, q(K) [ C ||v< ||Wm, q(K)
[ C 1 sup
|x| [ 8R/7
K(x)
Kr(x)q/p
21/q ||v< ||Wm, q(Kq/pr )
[ CeR
2/3q ||v||Wm, q(Kq/pr ).
Combining these estimates, we can immediately obtain (3.8).
Next, to show (3.9) we rewrite T(t) Qnv> as
T(t) Qnv>=T 1 t22 QnqRT 1 t22 v>+T 1 t22 Qn(1−qR) T 1 t22 v> .
By (3.8) and (3.2)
>T 1 t
2
2 Qn(1−qR) T 1 t22 v> >Wm+1, p(Kr)
[ Ce
R2
3q+
t
8 (2ln+1+m+
2
c−1−
d
q)a 1 t
2
2−d2 (1− 1s)−h >T 1 t
2
2 v> >
Wm, q(Kq/pr )
[ Ce
R2
3q+
t
8 (2ln+1+3m+
6
c−1−
3d
q )a 1 t
2
2−d2 (1− 1s)−h ||v||Wm, q(Kq/pr ).
On the other hand, by Proposition 3.1 and Lemma 3.4
>T 1 t
2
2 QnqRT 1 t22 v> >Wm+1, p(Kr)
[ Ca 1 t
2
2−d2 (1− 1s) e t4 (m+1+ 2c−1− dq) >qRT 1 t22 v> >Wm+1, q(Kq/pr )
[ Ca 1 t
2
2−d2 (1− 1s)− 12 e t2 (m+1+ 2c−1− dq) (e−rt4+e−R214)1/q ||v||Wm, q(kq/pr ).
These observations immediately imply (3.9). L
End of proof of Proposition 3.3. For given n choose an integer N> n
such that lN+1 < 0, lN+1 < 30ln+1 and m+1+2(c−1)−1−qp−1 < |lN+1 |/84.
Next, take r, R > 0 such that
r >max 3q
7
|lN+1 |+2q 1m+1+ 2
c−1
−
d
q
2 , p
2q
(qN+(q−1) d)4 ,
R=max 31, 13qt 1 |lN+1 |
5
+m+1+
2
c−1
−
d
q
21/24 . (3.10)
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Using (3.8) and (3.9) with n replaced by N and considering the choice of
N, R and r, we see that
||T(t) QNv||Wm+1, p(Kr) [ ||T(t) QNv< ||Wm+1, p(Kr)+||T(t) QNv> ||Wm+1, p(Kr)
[ Ca(t)−
d
2 (1−
1
s)−h {e
R2
3q+
t
4 (2lN+1+m+
2
c−1−
d
q)
+e
R2
3q+
t
8 (2lN+1+3m−3+
6
c−1−
3d
q )
+e
t
2 (m+1+
2
c−1−
d
q)(e−
rt
4+e−
R2
14)1/q} ||v||Wm, q(Kq/pr )
[ Ca(t)−
d
2 (1−
1
s)−he tln+1 ||v||Wm, q(Kq/pr ).
On the other hand, by Lemma 3.2
||T(t) PNQnv||Wm+1, p(Kr)=> CN
i=n+1
Okj, vPKe tljkj >
Wm+1, p(Kr)
[ Ce tln+1 ||v||Lq(Kq/pr ).
Consequently, noting that
T(t) Qnv=T(t) PNQnv+T(t) QNv,
we can easily conculude that (3.7) holds. Omitting the integration by parts
in the proof of Lemma 3.4, we can prove (3.6) in the same manner. Thus
the proof of Theorem 3.3 is complete.
4. PROOF OF THEOREM 1.1
We are now in a position to prove the main theorem by applying
Theorem 2.1 to (2.2). Let c, p and n be as in Theorem 1.1. Choosing r so
large that (3.10) holds, we set
X=W1, p(Kr), Y=Lq(K
q/p
r ) and, Z=L
q(Kr0 ),
where p=q(q2+1) and r0=rq
−1
2 −2(1−q
−1
2 ) d. By the choice of r0,
Hölder’s inequality immediately assures that both X and Y are contin-
uously embedded in Z. Define a C0 semigroup {T(t); t \ 0} on Z by
(3.3) and a projection P1 to be the projection Pn given by (3.4). By virtue
of the results in Section 3 the conditions (H1)–(H3) are satisfied with
a=ln, b=ln+1 and r=2−1d(1−s−1)+h=(2p)−1 d(q2−1)+h. Due to the
hypotheses on n and p, we may have b=ln+1 < 0 and 1/2 < r < 1 by
choosing a suitable h from the interval (1/2, 1).
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To verify the condition (H4), define
G(t, v)=−|v|c−1 v+F0(t, v, Nv) for t ¥ R and v ¥X.
Since p > d, by Sobolev’s imbedding theorem there exists a constant C such
that
sup
x ¥ Rd
|v(x)| (1+|x|2) r/2p [ C ||v||X for v ¥X. (4.1)
Let G1(v)=−|v|c−1 v, then for v, h ¥X
||G1(v+h)−G1(v)+c |v|c−1 h||Y
[ c 1F
R
d
1F 1
0
| |v+sh|c−1−|v|c−1| ds2p/q2 dx2q2/p ||h||Lp(Kr) .
Note that by (4.1)
|v| (c−1) p/q2 [ C ||v|| (c−1) p/q2X K−(c−1)/q2r ,
the right-hand of which is integrable on Rd provided r > q2d/(c−1).
Hence, from Lebesgue’s dominated convergence theorem we see that
G1 ¥ C1(X, Y) and DG1(v) h=−c |v|c−1 h.
Next, let G2(t, v)=F0(t, v, Nv), then straightforward calculations give
that for v, h ¥X
||G2(t, v+h)−G2(t, v)−(h“r+Nh ·Nz) F0(t, v, Nv)||Y
[ (||g1(t)||Lp/q2+||g2(t)||Lp/q2) ||h||X, (4.2)
where
g1(t)=F
1
0
|“rF0(t, v+sh, Nv)−“rF0(t, v, Nv)| ds
and
g2(t)=F
1
0
|NzF0(t, v+h, Nv+sNh)−NzF0(t, v, Nv)| ds.
Noting that by virtue of (1.2) and (1.3)
|r“rF0(t, r, z)|+|z ·NzF0(t, r, z)| [ L |r|q1 |z|q2
for all t, r ¥ R and z ¥ Rd, we have by (4.1)
|“rF0(t, v, Nv)|p/q2 [ C ||v|| (q1 −1) p/q2X |Nv|p
AN Lp THEORY OF INVARIANT MANIFOLDS 209
and
|NzF0(t, v, Nv)|p/q2 [ C ||v||q1p/q2X |Nv| (q2 −1) p/q2 K−1r .
Since |Nv|p and |Nv| (q2 −1) p/q2 K−1r belong to L
1(Rd) provided r > d/(2q2−1),
(4.2) gives that G2(t, · ) ¥ C1(X, Y) and DG2(t, v) h=“rF0(t, v, Nv) h+
NzF0(t, v, Nv) ·Nh. Moreover, similar calculations yield
||G(t, v)||Y [ C ||v||cX 1F
R
d
Kr(x)−(c−1) q/p dx21/q
+C ||v||q1+q2X 1F
R
d
Kr(x)1−q1 −q2 dx21/p
and
||DG(t, v)||B(X, Y) [ C ||v||c−1X 1F
R
d
Kr(x)−(c−1)/q2 dx2q2/p
+C ||v||q1+q2 −1X 1F
R
d
Kr(x)1−q1 −q2 dx21/p.
Hence, if r >max{pd/(c−1) q, d/(q1+q2−1), q2d/(c−1)} then as ||v||X
Q 0, G(t, v)Q 0 and DG(t, v)Q 0 in Y and B(X, Y), respectively,
uniformly in t. Thus we obtain (H4) and hence Theorem 1.1 is a direct
consequence of Theorem 2.1.
5. APPENDIX
Sketch of a proof of Theorem 2.1. We shall use the argument in [4, 5]
with a slight modification. Let c, y ¥ R and let E−y (c, X) and E+y (c, X)
denote the Banach spaces introduced in [4]. In addition, we here introduce
the closed subset
C−y (c, r)={v ¥ E−y (c, X); v(t) ¥ B2(r) for all t ¥ J−y },
where B2(r)={x ¥X; ||P2x||X [ r}, r > 0 and J−y=(−., y]. Since X1 is
finite dimensional, we can choose a smooth function f: X1 Q [0, 1] such
that f(t)=1 for ||t||X [ 1/2 and f(t)=0 for ||t||X \ 1. Define
Gr(t, x)=G(t, x) f 1P1xr 2 for t ¥ R and x ¥X.
By virtue of (H4), for any L > 0 there exists an r > 0 such that
||DGr(t, x)||B(X, Y) [ L for all t ¥ R and x ¥ B2(r).
Consider the integral Eq. (3.12) in [4] with S(t) and Gr instead of T(t, y)
and F, respectively. In this paper this equation will be referred to as (5.1).
Then, for sufficiently small L, e > 0 we also obtain Theorem 3.3 in [4] for
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(5.1) with the constants a, b and c replaced by −a, −b and −(b+e),
respectively. To explain this, let F(u, t) be the right-hand side of (5.1). It
suffices to show that F maps C−y (−b− e, r) into itself. Indeed, since Gr is
Lipschitz continuous on B2(r) with the Lipschitz constant L, from Lemma
3.1 in [4] we have that F becomes a uniform contraction in C−y (−b− e, r)
with respect to t provided that L > 0 is small. Thus the proof in [4] still
remains valid by replacing only E−y (c, X) with C
−
y (−b− e, r). To show that
F maps C−y (−b− e, r) into itself, let u ¥ C−y (−b− e, r). Then
||P2F(u, t)||X=>F t
−.
S(t−s) P2Gr(s, u(s)) ds>
X
[M F t
−.
(t−s)−r eb(t−s) ||Gr(s, u(s))||Y ds.
On the other hand, since Gr(s, 0)=0 and Gr(s, u(s))=0 whenever
||P1u(s)||X > r, we have
||Gr(s, u(s))||Y [ L(r+||P2u(s)||X) [ 2Lr.
Hence we obtain thatF(u, t) ¥ B2(r) if L > 0 is small.
Next, to prove that Theorem 3.4 in [4] is also valid for the nonlinear
map Gr, consider the equation
v(t)=S(t− y) v(y)+F t
y
S(t−s) Gr(s, v(s)) ds (5.2)
where t ¥ J+y=[y,.). Let 0 < d < 1. It is easy to show that (see [10, 18])
for each x0 ¥ B2(dr/M) the Eq. (5.2) has a unique solution v ¥ C(J+y ; B2(r))
such that v(y)=x0. Indeed, the solution v is given by the fixed point of the
map in C(J+y ; B2(r)) which is defined by the right-hand side of (5.2). Then,
we obtain Theorem 3.4 in [4] with the nonlinear map F replaced by Gr.
For its proof we can again use the argument in [4] by replacing only
E+y (c, X) with the following closed subset
D(v)={u ¥ E+y (−b− e, X); u(t)+v(t) ¥ B2(r) for all t \ y},
where v is the solution of (5.2). Then the map G in [4] becomes a uniform
contraction from D(v) into itself.
Consequently, by virtue of Theorems 4.2 and 4.3 in [4] (also see
Theorems 4.4 and 5.1 in [5]) there exists h0 ¥ C(R×X1; B2(r)) whose
graph is an invariant manifold for (5.2). Moreover, for each x0 ¥ B2(dr/M)
there exists a unique tg ¥X1 such that
sup
t \ 0
e−(b+e) t ||v(t, x0)−v(t, x
g
0 )||X <.,
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where xg0=t
g+h0(0, tg) and v(t, x0) denotes the solution of (5.2) with
v(0.x0)=x0. Thus, the assertion of the theorem immediately follows.
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